RIGIDITY FOR PIECEWISE SMOOTH 
HOMEOMORPHISMS ON THE CIRCLE 



KLEYBER CUNHA AND DANIEL SMANIA 



Abstract. We find conditions for two piecewise C^'^'' fiomeo- 
morphisms / and g of the circle to be conjugate. Besides the 
restrictions on the combinatorics of the maps (we assume that the 
maps have bounded combinatorics), and necessary conditions on 
the one-side derivatives of points where / and g are not differen- 
tiable, we also assume zero mean nonlinearity for / and g. 



1. Introduction and results 

Consider the following rigidity problem. Let f,g : X ^ X he two 
(piecewise) smooth dynamical systems that are conjugated by an ori- 
entation preserving homeomorphism, i.e., there is h : X ^ X such 
that f o h = hog. On what conditions is the conjugation smooth 
(for instance C^)? When X = §^ and f,g are smooth diffeomorphisms 
there are many results of rigidity, for example, |Her79j . |YoclOj . |SK89j . 
|K089] . In this article we study the rigidity problem for piecewise 
smooth homemorphisms on the circle. 

The map / : — is a piecewise smooth homemomorphism on 
the circle if / is a homeomorphism, has jumps in the first derivative 
on finitely many points, that we call break points, and / is smooth 
outside its break points. The set BPj = {x e §^ : BPf{x) : = 
D f{xJ) / D f{x^) 7^ 1} is called the set of break points of / and the 
number BPf{x) is called the break of / at x. Denote BPj = {xi, Xm} 
and BPg = {yi, 
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We say that two piecewise smooth homeomorphisms on the circle 
are break- equivalents if there exists a topological conjugacy h such that 
h{BPf) = BPg and BPf{xi) = BPg{h{xi)). It is easy to see that there 
is a conjugacy between / and g then / and g are break- equivalents. 

As in ^CSllj the key idea is to consider piecewise smooth homeomor- 
phisms on the circle as generalized interval exchange transformations, 
g.i.e.t. for short. Let I be an interval and let ^1 be a finite set (the 
alphabet) with d > 2 elements and 7 = {/„ : a G A} be an A— indexed 
partition of / into subinterval£|. We say that the triple (/, A, 7), where 
/:/—)■/ is a bijection, is a g.i.e.t. with d intervals, if /|/^ is an 
orientation-preserving homeomorphism for each a & A. The order of 
subinterval in the domain and in the image of / constitue the combi- 
natorial data of /, denoted by vr = (ttctti), where nt : A ^ {1, ...,d} 
is a bijection for i = 1,2 and ttq, vti given the order of subintervals la 
and /(/q) in J, respectively. For the explicit formula of vr = (ttq, tti) see 
|CS11] . We always assume that the combinatorial data is irreducible, 
i.e., TTi o 71q^({1, s}) 7^ {1, s] for all 1 < s < (i — 1. 

There is a renormalization scheme in the space of g.i.e.m. called 
the Rauzy-Veech induction ( |Rau79] . |Vee78] ). that associates with / 
a sequence of first return maps = R^{f) to a nested sequence of 
intervals with the same left endpoint of J. The map is again 
g.i.e.m. with the same alphabet A but the combinatorial data may be 
different. 

More specifically, denoting by a(0),a(l) G A the letters such that 
7ro(a(0)) = d and 7ri(Q;(l)) = d, we compare the lenght of the intervals 
Ia{o) and /(/«(!)). If |/a(o)| > (^sp. \Ia{o)\ > |/(4(i))| ) we 

say that / has type (resp. type 1) and that the letter a(0) is the 
winner (resp. loser) and that the letter a(l) is the loser (resp. winner). 
Then putting P = I \ f{Ia(i)) (resp. = I \ Ia(o)), we have that 
R{f) is the first return map of / to the interval and so on. We 
say that / has no connections if the orbits of the boundary of each 
are distinct whenever possible. It has been established by |Kea75j that 
if an interval exchange transformation / has no connections then / is 
infinitely renormalizable. If a g.i.e.m. / is infinitely renormalizable 
then the sequence (7r",£:"')„ of combinatorial data and types of R^{f) 
is called combinatorics of /. For more details about the Rauzy-Veech 
induction the reader may consult, for example, [CSllj . |MMY10b] . 
[ViaOSj . 

For each i.e.t. / it is possible to associate a genus g that correspond 
to the genus of translate surface associate to / |Zor96j . This genus is 



All the subintervals will be bounded, closed on the left and open on the right. 
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invariant under Rauzy-Veech renormalization. Indeed / has genus one 
if / has at most two discontinuities. In a similar way, we will say that 
a g.i.e.m. has genus one if / has at most two discontinuites. If / is a 
homeomorphism on the circle, then / has genus one as a g.i.e.m. 

Let if be a non-degenerate interval, let : if — ?• M be a homeomor- 
phism and let J C ii be an interval. We define the Zoom of g in if, 
denoted by Znig), the transformation Znig) = Ai o g o A2, where Ai 
and A2 are orientation-preserving affine maps, which sends [0, 1] into 
H and g{H) into [0, 1] respectively. So we can identify a g.i.e.m. / 
defined in the interval [0, 1] with the quadruple 

(tt, {\Ia\)aeA, {\ f {QD aeA, G X A,i X X Hom+([0, 1]), 

where Hom+([0, 1]) is the set of orientation preserving homeomorphisms 
h : [0, 1] [0, 1] such that h{0) = and h{l) = l,\J\ denote the length 
of interval J and 

Ayi = {{Xa)aeA G S.t. > and ^ = 1}. 

a 

If we change the set Hom_|_([0, 1]) by the set Diff^([0, 1]) of orienta- 
tion preserving diffeomorphism h of class C^' such that h{0) = and 
h{l) = 1 we get the space of g.i.e.m. of class C^'. If we change the set 
Ilom+([0,1]) by the set {Id} we have the space of affine i.e.t.. If in 
addition we replace the set Aj^ x Aa by the set {(A, A), A G Aa} we 
get the space of standard i.e.t.. 

In the set of g. i.e.t. of class C", r > 0, we define the distance in the 
topology by 

dcr{f,g) := max{\\Zj^f - Zj g\\cr} + 



(1) iIa)aeA - iIa)aeA + {f{Ia))a(iA " {g{Ia))a 
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where || ■ ||c"- denote the sup- norm in the topology and || ■ ||i denote 
the sum-norm. 

Let — e") be the winner and loser letters of i?"(/), where 

G {0, 1} is its type. As defined in |CSllj we say that infinitely 
renormalizable g.i.e.m. / has k— hounded combinatorics if for each n 
and /3, 7 G yi there exists > 0, with |r;, — ni| < k and \n — ni —p\ < 
k, such that = (3, a"i+P(l - e'^i+P) = 7 and 

for every < i < p. 

Let •Bl^", A; G N and z/ > 0, be the set of g.i.e.m. f : I ^ I such 
that 
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(i) For each a G ^1 we can extend / to la as an orientation- 
preserving diffeomorphism of class C"^^^ 



(ii) the g.i.e.m. / has A;— bounded combinatorics; 

(iii) The map / has genus one and has no connections; 

In jCSTl] the authors show that if / G 2^+^^ then R^{f) converges to 
a 3 ( (i — 1)— dimensional space of the fractional linear g.i.e.t. Moreover if 
mean-nonlinearity is zero then R^{f) converge to a 2((i—l)— dimensional 
space of the affine interval exchange maps. Our main results are: 

Theorem 1. Let {f,A, {Ia}aeA) G "Sl^" be such that 
(2) /^^-O. 



Then there exists an affine i.e.t. (/a, ^, {/ajaeyi), i.e., is affine 

for each a E A, and < A < 1 such that 

(i) fA has the same combinatorics of f; 

(ii) dc2(i?"/,i?"/A) = 0(Av^). 

Theorem 2 (Universality). // / and g satisfies the assumptions of 
Theorem \J\ and they have the same combinatorics and they are break- 
equivalents then we can choose fA = Qa- 

The next result is a consequence of Theorem [1] and Theorem [2l 

Theorem 3. Let f,g e 'Bl'^" be such that 

i. / and g have the same combinatorics; 

ii. / and g are break- equivalents; 

iii. We have 



Df(s) J„ Dg{si 

Then there exists < A < 1 such that 

dc^{R'f,R^g) = 0{\^) 



It is known that if / and g has the same fc— bounded combinatorics 
then they are semi-conjugate and this semi-conjugation send break- 
point in break-point |MMY10b] . If / and g have genus one then this 
semi-conjugation is indeed a conjugation (non wandering intervals). 

Theorem 4 (Rigidity). Suppose that f and g satisfy the assumptions 
of Theorem 3. Then f and g are C^- conjugated. 
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Remark 1.1. We believe that Theorems IB and\^ hold replacing the 
condition Hi. by 

Theorem 5 (Linearization) . // / satisfies the assumptions of Theorem 
Ulthen f is -conjugate with a unique piecewise affine homeomorphism 
on the circle. 

There are previous resuhs on rigidity for piecewise smooth diffeomor- 
phism of the circle with only one break point and also satisfying certain 
combinatorial restrictions |KK03j |KT10j . There are also recent results 
[MMYlOb] on the structure of the set of "simple", small deformations 
of a standard i.e.m. Tq (with certain Roth type combinatorics) which 
are conjugated with Tq, but the nature of their results and methods 
are quite distinct from ours. 

2. Rauzy-Veech Cocycle 
In this section we use the notation of |Via08] . 

Let TT be a combinatorial data of a g.i.e.m. and let A = {\a)aGA be 
a vector in R-^. Define u = {uajaeA as 

(3) uJo,= Yl ~ Yl 

7ri(/3)<7ri(a) 7ro(/3)<7ro(a) 

Notice that fi7r(A) = u;, where fi^ is the anti-symmetric matrix given 
by 

{+1 se 7ri(a;) > 7ri(/3) and 7ro(Q;) < 7ro(/3) 
— 1 se 7ri(a;) < 7ri(/3) and 7ro(Q;) > 7ro(/3) 
otherwise. 

If TT has genus one then dim i^er = rf — 2, so dim/m f^^r = 2. Denote 
by the set of all possible genus one irreducible combinatorial data 
TT = (ttojTTi). The Rauzy-Veech cocycle are the functions 

with e G {0, 1}, defined by Qeij^iV) = (^^(Tr), Q^^^^v). Here 

(4) 0^,6 = I + Ea(l-£)a{e), 

where Ea/3 is the elementary matrix whose only nonzero coefficient is 
1 in position {a, 13) and r^i^n) is the combinatorial data of R{f). 
We know that if n' = r^{n) then 



(5) 
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Let g : [0, 1) — ?• [0, 1) be an affine i.e.m. without connexions. Then 
g is uniquely determined by the triple (vr, A, w^), where vr is the combi- 
natorial data, A = {Xa)aeA G is the partition vector of the domain 
and 0;° = [uj^aaA G is such that 

g{x) = e'^'^x + 6a for all x G /„. 

For each n denote by cj" = (a;^)^ the vector such that R^{g){x) = 
e""x + 6 a for all a; G By Rauzy-Veech algorithm we know that 

(6) ul+' = u;^ifa^a"(l-£) 

(7) = w^n(^) +w;^n(i_,), Otherwise, 

where a'^{e) and a"'{l—e) are the winner and loser of R^{g) respectively. 
Therefore 

e„(a;") = e^.,,n(a;-)=a;"+i. 
Repeating this process inductively we have 

e„e„_i ■• -0190(0;°) =0;^^. 

To prove Theorem[T]we need to understand the hyperbolic properties 
of the Rauzy-Veech cocycle restricted to the fc-bounded combinatorics. 

2.1. Invariant cones. Since Qn,e , ©te are non negative matrices, it 
preserves the positive cone M'^. It follows from ([5]) that 

We need to find cones inside Im which are invariant by the action 
of 67^,^ and 0~^. Define the two dimensional cone 

:= n^R'l c Im n^. 

It follows from that 

For each vr G 11^ define the convex cone 
= {{Ta)a£A- Ta > and < 0, for every 1 < A; < d—1} 

■Ko{a)<k iTi{a)<k 

We have |Via08^ Lemma 2.13] that 
Define 

C: = -n^T+ C Im 
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By definition 

and it is easy to show that 

(8) Canker fi^ = {0}. 

Note that 97r,eC" C C",. Indeed applying T+ in ([SD we have that 

Proposition 2.1 (Uniform hyperbolicity) . For each k there exists fi = 
jji{k) > 1 and Ci,C2 > with the following property: Let {7i"',e"') be a 
sequence de combinatorics k-bounded with r£n(7r") = vr""*"-^. Then 

(a) For every n and v G C^o we have 

(b) For every n and v G C*n we have 
Proof. Note that for every n the finite sequence 

is complete, that is, every letter a G ^ is the winner at least once along 
this sequence. It follows from |MMY05] Section 1.2.4] and |YoclOt 
Section 10.3] that 

0n,n+fc(3d-4) = Q T^n+k(id-A) ^^n+k{3d-A) ■ ■ ■ 0,r"+l,£"+l07r",e" 

is a positive matrix with integer entries satisfying 

(9) *(0n,n+A;(3d-4))~"^7'J;i C T^r.+k(3d-.A)+i U {0}. 



By (E]) and 0^.,£.f]^. (r+) = ^]^.+l*0;/^,(T+) for all j > we have 



(10) 0n,n+fc(3cZ-4)C*"n C C"„+fc(3d_4)+i U {0} 

for every n G N. Since C"„ C M'^, in particular we have 

(11) ||0n,n+fc(3d-4)^^||l > d\\v\\i, 

for every v G C"n. Given n G N, let n = qk{3d — 4) + r, with g, r G N, 
< r < A;(3c/-4). Then 

||0o,nt^|| > d'WQo^rvWi > d("-'^)/('=(='''-'Vin{||0o^J||-\ r < fc(3rf-4)}||t;||i 

= Cifi'^WvWi 

To show (b), note that by (a) we have that for every n 

*0n+fc(3d-4),n = *(07r",e"07r"+i,£"+i ' ' ' 0^n+fe(3d-4) ^£n+fe(3d-4) ) . 
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has positive integer entries. Using an argument similar to the proof of 
(a) we conclude that 

for every w G ]R:|. By (j5]) we have 

Given v G C^o there exists w G M'^ such that v = Q-j^ow. The fact that 
0*+fc(3rf_4) j > for every i easily implies that there exist 61,62 G (0, 1) 
such that 

*eo,„M^ C As^s, = {iXa)aeA G 61 < < 62 for every a}. 

Now note that 

(12) n Ker VL^n = 0. 

In fact, let A G M'^ be such that Qj^nX = 0. Then by definition of 
we have 

Let ao G A such that vTq (ag) = d. Then 

7ry(/3)<7r;^(ao) 7r5^(/3)<7r5^(ao) w^{l3)>77^{ao) 

(13) = - E 

7r5'(/3)>7r5^(ao) 



which is a contradiction because tl{/3 G ^1 : vri(/3) > 7ri(a;o)} > 1, due 
the fact that tt" = ( 
By [12] we have that 



to the fact that tt" = (tTq , vr") is irreducible 



C3 = inf{-^Li!_Jli^ u ^ 0,u E A^^ tt G 11^ and irreducible} > 0. 
w 1 



For all V G C^ti there is G M;f such that v = Qj^nw. Therefore 



PIECEWISE SMOOTH HOMEOMORPHISMS ON §^ 



9 



II (0^n-l^£7i-l • • ■ ©^O^^o) "'"I'll = ||r2jrO*(0^n-l^£n-l ■ ■ ■ 0jrO^£o)u'|| 

> C3-Ci-/i"-iw|| 



> c,■c,■^■^^^-'\\v\ 



where 



C4 = sup sup 

Treni 



I^tt'^I 



□ 

Motivated by Proposition 12.11 we define the stable direction in the 
point {tt-^, e^} as 

(14) := E^{7,^) = n • ■ ■ 07+n(C^:.+"+O- 

n>0 

By definition the subspaces E'- are invariant by the Rauzy-Veech 
cocycle, i.e, for all j > 

Q,{E^) = E]^,. 

Now we define the unstable direction. Let uo G C^o be such that 
1 1 Mo 1 1 = 1. Then we define Eq as the subspace spanned by Uq, that we 
will be denoted by < uq > . For all j > we define 

(15) Ej :=< >, where Uj = 6j_i(Mj_i). 

IfjII 

The subspaces i?" are forward invariant by the Rauzy-Veech cocycle. 

The result of this subsection shows that Rauzy-Veech cocycle is hy- 
perbolic inside Im Q. In the next subsection we show that outside 
Im Q the Rauzy-Veech cocycle has a central direction and it is a quasi- 
isometry in this direction. 

2.2. Central direction: Periodic combinatorics. First we study 
periodic combinatorics. Suppose that there is p G N such that {vr", e"} = 
l^n+p^ ^n+p j g^jj n G N, i.e. the combinatorics has period p. So we 
know that (0o,p-i)^^lkcr n^o = see [ViaOSl Lemma 2.11]. 

Lemma 2.2. Define "^p-. ker ^7^0 — )■ Im f2^o as 

^p(A:) = (eo,p-i - id)-\k - eo,p-i{k)). 

Then the subspace -E'op-i := |^ + ^p(^), k G ker fi^o| is the central 
direction o/9o,p_i. Indeed 9o,p_if = v for every v G -£'o,p-i- 
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Proof. Since Oo,p-i — Id is not invertible on M , firstly we show that 
is well defined. We claim that k — Go,p_i(A;) G Im Q^o. Indeed, using 
the fact that (0op-i)^^lker n o ~ have that for all u G ker ^7^0 

< M, - eo,p_i(fc) > = <u,k> - <Qlp_^{u),k> 

= < u, k > — < u, k >= 0. 

Therefore k — Qo,p-i{k) -L ker ^7^0, which proves our claim. By Propo- 
sition [2]T] we have that 0o,p-i is hyperbolic in Im Qt^o, so 

0o,p-i ~" Id: Im Qt^o — )■ Im Q^^o 

is invertible on Im ^,^0 and we can define 

^p{k) := (eo,p-i - id)-\k - eo,p-i(fc)). 

We claim that Go,p-ii^ = v for every v G E'op-i- Indeed by the defini- 
tion of \I'p 

(eo,p-i-/rf)(fc + ^p(fc)) = 0. 

Note that dim -^op-i ~ ker fi^o = d — 2. So -Eop_i is the central 
direction. □ 

The next result shows the invariance of -Eqp-i Rauzy-Veech 
CO cycle. 

Lemma 2.3. Q^o{E^p_^) = El^. 
Proof. Let v G -Epp-i- Then 

9^p-i ■ ■ ■ Q^aiy) = V. 
Applying 6^0 to both sides 

So 

□ 

We now prove that the Kontsevich-Zorich cocycle behaves as a quasi- 
isometry in its central direction. By Proposition 12.11 we can choose 
uq > and » 1 such that 

||0n,n+no(a;)|| > Vs G C^„ and ||6„+„,o,„(x)|| > fi\\x\\ Wx G C^„. 

For e > 0, define the cones and C"^,, where C"^ is the set of 
vectors x = + Xj G ker fi^n © Imf2^n such that 

* II ^A: II — ^ W'^i II ; 
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• We have that Xi = xf + where xf E 0n+n„-i,nC'^n+no C C^„, 

C ft r~ anrl ll'r^ll < W-y^W 

•^2 ^ ^n—no^n—l^^n—TLQ ^ ^tt" cxiiu. II — ll*^i Ir 

and we define analogously C"^ replacing the last condition by < 
llxfll. Define also C" := C", U C".. 



Proposition 2.4. There exists cq = eo(A;) > anc? 7 < 1 such that if 
e < Co ^^en 



Before proving the Proposition 12.41 we need some lemmas. 

Lemma 2.5. There exists C5 > such that for uq large enough and all 
m > uq there are linear projections and U"^ defined in Im fi^m such 
that for every V G Im Qj^m we have thatVg = n^(f) G ±Qm+no-i,m{C^m+no ) 
and Vu = nj^(^^) e ±6m-no,m-iC'"„_„o satisfy v = Vs + Vu and 

(16) \\Vs\\, \\Vu\\ < C5\\v\\. 

Proof. For a fixed no there exists only a finite number of matrices 
0m-no,m-i and 9m-|_„(,_i^m- The same holds for the subspaces Im fi^r^i 

and cones C^m-nQi C^rn + ngy ©m+no — l,»n (C'^m+ng ) SUd Q ^—^10 ,m—lC' ^m — riQ ■ 

Moreover 



For each possible combination of matrices, cones e subspaces, choose 
Wg G ±Qrn+no-i,m{C^rn+nQ) and G ihGm-no, 1 C'^m-ny • Then f = 
c^Ws + CuWu, with Cs, c„ G M. Define n^(t;) = c^Ws and n;;(w) = c„w„. 
Let C5 be the supremum of the norms of all projections 11^, IIJ^ 
over all possible combinations of matrices, cones, spaces and choices 
of Ws and Wu- This supremum is finite due f|T7|) . Finally, note that 
the same C5 satisfies f|T6|l if we replace uq by some ui > uq, be- 
cause Oj7^_|_m — l,m(C'^m+Tij ) C 0^_|_nQ_l ,n(C^m-|^,nj ) , Om — Yll,m—lC'^m. — ni C 

and the freedom to choose Wg G ^Qrn+no-i,m{C^m+nQ ) 
and G ±6m-no,m-iC'"„_„o as we like. □ 

Lemma 2.6. For all n > no and for all Xk G ker fi^n 

||0n,n+no-l(^fc)l|kcrQ^„+„P •= SUp < ©n.n+no-l (^fe) 5 ^n+no > 

II -^fe II kor C^n ; 

where < -, ■ > denote the usual inner product ofM/^. 
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Proof. Note that *6„_„+„Q_i(ker ^7^n+no) = kerf2,r"- Therefore 

sup < Qn,n+nQ — l{Xk) J kn+no > = 

sup < X/j, 0n,n+no — l(^n+no) ^ 

= sup <Xk,kn> 
= lla^fellkcrQ^n- 



Proof of Proposition 2.4' Let x = Xi + Xk E C"„. First note that 



II 0n,n+no — 1 ("^i) II || On,n+no — 1 (-^j ~^ "^i 

> ;,||xr||--||a;,^|| 



(18) > [fi--]\\x 



I II ' 



and that 



\\Qn,n+no-l{Xk)\\lmn^n+no ^ || ©n.n+n,,-! (a^fc) || 

II ■ lk;.ll 

(19) < 

^' II On.,n+no — 1 II ' ll*^i||' 

Note that by Lemma 12.61 we have 

||0n,n+no-l(a^fc) llkcr f2^„+„„ = ||a^A;||kor Q^-n < ^W^iW 

(20) < 2e||xr||. 
Then 

II ©n.n+no-l (•^) l|lmSl^„+„g 

> ||0n,n+no-l(^*)lllmf1^„+„(, " || ©n.n+n.Q-l (^^fc) || ImQ^„+„o 

^ 7^ f A* 2e ■ ||0„„+„o_i|| ] ||0n,n+no-l(a^)l|kerO 

2e V / 

(21) ^ ^ - ^ - 2e • ||e„,„+„„_i(x)||kern^„H_„„ 
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Here C depends only on tiq. Therefore 

1 1 ©n.n+no - 1 (3^) 1 1 ker r2^„+„P 

(22) < 2e (^/i - i - 2e ■ ||e„,„+„„_i(a;)l|i^n^„^„^ . 

Choose eo small enough such that 



1 



7 := 2eo (^/i - - - 2eo ■ C J < 1. 
Note that 

and 

Let and f„, f = fs + f^, be as in Lemma [231 Note that 

\\vs\\, \\vu\\ < C^WvW < — < — < ^||6„,„+no-i(a;") || 

Then fu+B„_„_i_„y_i(x") G 0„^„+„(,_iC"n andf^ G 0ji+2no-i,n+no(^^"+2'io) 
and moreover 

\\v^ + Qn,n+no^l{xm > ( 1- ^ ) || e„,„+„„_i (x^) > ^ ( 1 - ^) || || > ||.;,||, 

/i O5 /i 

SO e„,„+„„_i(x) G C^,+"«. The proof of e„_i,„„„o(QJ C is 
analogous. 

□ 

Proposition 2.7. Suppose that p > hq. Then 

fegkern 1 1 "^11 ^0 

Proof. Suppose by contradiction that this claim is false. Then we could 
find e < eo such that 

,23) ..p M.l>i. 

feekern^o IFII e eo 

Let ko G kerf^TrO be such that the supremum above is attained on it. 
Thus fco + ^t'p(fco) G C° := U C°^. Assume, without loss of gener- 
ality, that ko + ^p(A;o) e By assumption E^p_^ = 
and by Lemma Owe have eo,„op-i(^S,p_i) = ^^op,(„o+i)p_i • Thus by 
Proposition 12.41 
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INI < 7.11 Wll^%^>^>i 

11^0 II 7e e 

which contradicts (1231). □ 



2.3. Central direction: arbitrary A;-bounded combinatorics. Let 

/ G 'S>1~^'^ and 7(/) = {TT\e''}i^j^ be its combinatorics. For each n eN 
we define the new periodic combinatorics, that will be denoted by 

(a) For i <n define (vr*,^*) = (vr*,£*), and denote % = {7r*,£*}^^o; 

(b) Let 7„,p„ = {(vr", e"), (vr*'", e^")} be an admissible sequence 
of combinatorics, i.e., T£i(7f*) = vr*'^^ for all n < i < pn with 
(tt^", e^") = (vr^, It is possible to get this sequence by |Via08] . 

Then define 7„(/) = {% * 7„,p„) * {% * %^p„) * ■■■ . Note that the 
combinatorics 7n(/) is periodic of period p„ and that 7n(/) 7(/) 
when — oo. The Rauzy-Veech cocycle associetade to 7n(/) will be 
denoted by B. By Lemmas 12.21 and 12.31 we have that for all s > 
the subspace El^^ is the graph of *,,p„ and QsiElpJ = E^_^_-^,p^^. By 
Proposition 12.71 the sequence {\E'o,p„}neN is equicontinuous and uni- 
formly bounded, so it admits a subsequence {^o,p„}neNo that uniformly 
converges. The same holds for {^'i,p„}neNo; i-G- we can find a infinite 
subset Ni C No such that {^'i,p„}neNi is uniformly converge. Proceed- 
ing analogously for each j G N we can find a infinite subset Nj C N, 
such that No D Ni D ■ • • D Nj D ■ ■ ■ and {^j,p„}neNj uniformly con- 
verge. Now define the infinite set N C N taking as your j-th element 
the j-th element of Nj. Define the subspace Ej^^ as the graph of 

By construction we have that dimEj^ = d — 2. The next easy Lemma 
show that the subspaces Ej^ are invariant by the Rauzy-Veech cocycle. 

Lemma 2.8. For all j > 0, we have that Qj{Ej^) = Ej_^-^^^. 

Proof. Denote by rij e N the j— th element of N. 
e,{ElJ = e,(limgraph(M/,,pJ) 

= 1™ 0i(g^^aph(*,-pj) 

n>nj 

lim graph(\l'j+i p^), by Lemma 1^751 



n — ^oc 



rpc 



□ 
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Proposition 2.9 (Quasi-isometry in the central direction). For all 

vector V G -Eq.oo ^'^^ /^'^ all n >0, there is Cq > 1 such that 

■ \\A < l|0O,n^|| < Cq ■ \\v\\, 

where 6o,n = ©nQn-i ■ ■ • ©o- 

Proof. For all G E^^, there is k E ker ^2,^0 such that v = /c + \l/o,oo(fc)- 
By continuity of inner product we have that k ± ^o.oo(^)- Then 



< J\\k\\^+\\^oAkW = \M < + ||^o,oo(A;)|| < ||A;|| + - 
^ Co 

by Proposition 12.71 Therefore 



(24) \Hker no ■■= \\k\\ < \\v\\ < ( 1 ^ 



^0, 

Let e := {m = MaeA G : m„ = -1, 0, or 1}. Then 

max \\u 

II < =: C7. 

We know that *©o,n : ker Q.,^n — )■ ker ^2,^0 maps the basis of ker to 
the basis of ker Qj^o, by |Via08t Lemma 2.16]. 

For all vr G and for all k G ker i^^^ "we can put k = Ylt=i (^I'^i-, 
where G M and Ui belongs to the basis of ker VL^,, in particular G C 
(see |Via08j ). Using the sum norm we have that 



*0O,n/c|| = II J^a/GcnMill 

1=1 

d 

= II ^^aj-Uj II, where Ui E Q 



1=1 
d 

< ^ |ai| ■ ||-Uj|| 
1=1 

< Cr-Wkl 

Therefore 

(25) ||*0O,n||ker fl^n < Ct- 
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Then 

||Oo,n^^||kcr n^n = sup < 9o,n^^, > 

iifeii<i 

= sup < V, *0o,n^ > 

fcGkcr Ct^n 
\\k\\<l 

— II"^!! ■ ||*0O,n||kcr n^n 

(26) < Ct \\v\\, due 
Now 

||0O,n^^|| < ^1 + ||0O,n^^||ker O^n, due (E 

(27) < (^1 + ^^ -Cr- due (I2S]). 

Now we can find the lower estimate for ||0o,„f ||. First note that 

||0O,n^^||ker = SUp < t;, *eo,„fc > 

fcGkcr 

\\k\\<i 

> sup < v,k > 

iifc||<^ 

1 T 
= — ■ sup < v,k > 

|fc||<l 
1 „ „ 

(28) = ■ MWcr Qn- 



G 



7 



Using we have that 



n „ „ 1 ^ 



This estimate jointly with and (I27|l . yields 



7^ ( 1 + — I ll^ll < T^ll^^llkor n < l|0O.n^||kcr U^n < \\Qo.nV\\ < C7 ( 1 + — 

Taking Ce = C7 ^1 + ^ j we have the result. □ 
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3. Proof of Theorems □ and [2] 

Let / : [0, 1) — )■ [0, 1) be a g.i.e.m.. For simplicity we write = 
Ux) = PHx) if X e I^. Define = by 



(29) L-a = TT^ \nDUs)ds = — \nDr-{s)ds. 

\^a\ J IS Mai J IS 

Note that if / is a affine i.e.m. tlien LJJ = for all a & A. The fol- 
lowing proposition gives a relationship between L" and L""*"^, more pre- 
cisely we prove that L" is an asymptotic pseudo-orbit for the Kontsevich- 
Zorich cocycle. 

Proposition 3.1. Let f e 3^+^ with D^{f){s)/Df{s)ds = 0. Then 

(30) L'^^^ = e„L" + e;, 
w/iere lle^H = O(A^), < A < 1. 

Proof. Denote by G the point such that LJJ = InDf^^^x"^), for 
all n > 0. 

• If a ^ a"(£), a"(l - e) then clearly L^^+i = L^. 

• If a = a"(£) then g^n((,-) = Q^^le) therefore 

L^+i = lnD/'?-(x^+i) 

= lnD/«-(x^+i) + lnD/^««) -lnD/«-(a;^) 
= Ll + \nDr"-ixl'')-\nDrHO 

by Theorem 3 of [CSTT] . 

• If a = a''(l - e) then = + C"n(e)- Note also 
that /'^(^-'(a^a-nd-e)) ^ Therefore 

^:^(\-.) = lnZ^r-(-^)(x^+\_,)) 

= lnDr^"(^)(r^"(i-)(x^+\_^))) + lnDf-Mi-.)(x^+\_^p 
= lnDr-(^)(r-(i-)(x^+\_,))) - lnDr-w(x^„(,)) + 
+ lnD/<"(i-)(x^+\_^)) - lnDr-(i-.)(a;^„(^_^)) + 

by Theorem 3 of |CS11] . 
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This finishes the proof. 

□ 

Now we decompose the vector L„ = {Ln)aeA as 

Lemma 3.2. The sequence {L'JneN satisfies = O(Av^). 

Proof. By Proposition 12.11 we have for all j,n > and for all v E Ej 
that ^ 

||0i+n-l ■ Qj+n-2 ■ ■ ■ ©it'll < ^ „ \\V\\. 

Replacing this norm by the adapted norm, see |Shu87l Proposition 4.2], 
that still denote by || • || for simplicity, we can find /x > /i > 1 such that 
for all n > and for all v E we have 

||0n'y|| < "ll^ll- 
/i 

By Proposition 13.11 we have 

11^:11 <4||l:_iII + C-Av^. 

Applying this estimative n times we obtain 

n-l 

(31) |L^|| < —-111.^11 + C-V-A^"^^^. 

I nil - ^„ Oil 

Note that 

(32) — ■ ||Lq|| — )■ when n — )■ 00. 
Now we analyse the last part of the (1311) . Denote 

n — ^ \\/n-i+l 
O'n^i — -r- ■ A 

Then 



-1 



(33) ^!li!±i = l.A^^^=^-^^^< i-A^^m, 

where the inequality above is given by Mean Value Theorem. Let 
no G N be such that ii n — i — 2 > then 



, -1 i 

\ 2\/n — i — 2 



So 
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n—1 n—no~2 n— 1 



1=0 «=0 ^ 4=n-rto-l ^ 

The first sum is estimated by 



n— no— 2 ^ n— no— 2 



1=0 
n— no— 2 ^ 



1=0 ^ 1=0 



1=0 

n -no- 2 

(34) s r^-^"" 

and the second by 

n— 1 ^ n—1 ^ 

y- l;^v^^^^ < y 1 

i=n— ng — 1 i=n— no — 1 

n-1 

< - E 

i=n— no— 1 

(35) < C-— . 
Of dMD, (jSlD e dSSD, we get the result. 



□ 



Lemma 3.3. There is A5 G [0, 1) such that the sequence {L^nm sat- 

4 



isfies ||L;|| =0(Af > 



Proof. The proof is similar to Lemma 13.21 and we use the adapted norm 
again. For all > we have that 

ll-^^+lll > ■ \\Ln\\ - C ■ Xf^. 

Applying this estimative k times, we obtain 

fc-i 

rJ . \ 
^5 



L-U\\>f^'\\Ll\\-C-J2~^'->^f^^ 



j=0 
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and therefore 

k-l 



Making k = n, we have 



n—l 

\\L:\\<-\\Lu+c-Y.f^^--xf^' 



The sequence {-^^2n}raeN is uniformly bounded, then 



(36) J_||L^J|^o, whenn-^cx). 

Now note that 



n—l n—l 



j=0 s=0 



Let Us = fj, ^ ■ Ag^. Then 



as jj, 11 



By dSZD 



r^Xf + /i^^Af^ + ■ ■ ■ + /i-"A5^^ 



< r^Xf (l + /i-^Ag^-^ + ■ ■ ■ + /i-"+iA 



5 



< jl-'^xf (^1 + /i-^A^^ + . . . + ^--+iA|v^^-^2v^ 

< /,-iA5^(l+/i-i + ...+^-"+i) 

(38) < P^-'>^f-Y^i- 
Of dSHD and dMD we get the result. 
Define for all n > the vector 

By Proposition 12.91 and Proposition 13.11 it is easy to see that 
||cu„+i - c:;n II = O(A^). 
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Therefore {a)„}„eN converges. 

Lemma 3.4. Let u = hm„_s.oo G -Eo,oo '^'^^ '^'^ ^ -^n,oo or&zt 

given by Rauzy-Veech cocycle of u, that is, = 60 • • ■ Qn-i'^- Then 

= 0(Av^). 

Proof. By Lemma [3.21 and 13731 it is sufficient to estimate u'^ — L^. 
= ||eo---e„_ia;-L^|| 

< II eo---e„_i|^. ||-||a;-(eo---e„_i)-iL^|| 



< C30 • ( 1 H ) • 11"^ — f^n ll, by Proposition 12.91 



^0 

O(A^). 



□ 



3.1. Projective Metrics and Proof of Theorem [Si The presenta- 
tion follows Section 4.6 of ^ViaOSj . Consider the convex cone M^. Given 
any A, 7 G M^, define 

a(A,7) = inf— and 6(A,7)=sup— . 

"G^ 7q, i3^A 1/3 

The projective metric associated to is defined by 
dp(A,7) = log^T — r = log sup — — . 

a(A,7) a,f3GAla>^l3 

Follows easily from the definition that dp satisfies, for all A, 7, C G 

(a) dp(A,7) = dp(7,a); 

(b) dp(A, 7) = dp(a, C) + dp(C, 7); 

(c) dp(A,7) >0; 

(d) dp (A, 7) = if and only if there exists t > such that A = t'j. 

Let G : M-^ R-^ be a linear operator such that G'(M^) C or, 
equivalently. Gap > for all a, /3 G 7l, where Gap are the entries of the 
matrix G. Then for all a, 7 G M'^, 



dp(G(A),G(7))<dp(A,7). 
Now, we define g : Aji — )• Aji by 
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g{X) = = 
We say g is the projectivization of G. 

The next proposition, whose proof can be found in |Via08j . ensures 
that if g{Aj{) has finite dp— diameter in A^i then g is a uniform con- 
traction relative to the metric projective: 

Proposition 3.5. For any A > there is n < 1 such that if the 
diameter o/G(M'^) relative to dp is less than A then 

dp(G(A),G(7)) < /t-dp(A,7) for all A,7eM+. 

Let be the partition vector of /„ = R^{f). Define the following 
linear operator T„ : IR-^ — )► M/^ whose the matrix is given by 

1, if z = j and i ^ — e"'n) 

T =(T\ =J ^''P^^" ■ ^^"(1))' if ^ = J = - e^) 

{^n)ij S exp((l-£") ■L^„(,)), if ^ = J = 

0, otherwise, 
where i^n,«"(i-£) is defined by fl2I?]) . 

Lemma 3.6. Let f e 'Bl'^" with D'^f{s)/Df{s)ds = 0. Then for all 
n>0 

T„C"+^ = C" + 0(A"). 

Proof. It follows easily by the definition of the Rauzy-Veech induction 
and by Theorem 3 of |CSllj . □ 

Note that (T„)jj > for all n > 0. Then we can define the projec- 
tivization of Tn, this is, the map T^°^ : Aji — )• A^i given by 

/-n+l 

T-inor/-n+l -'raS 

n ^ 



IT 

KriSi |1 



where | ■ |i denote the sum-norm. 

Let u be either as in Lemma [33] (in this case co E E^^) oi a. per- 
turbation of it by a vector in Eq. Define cj" = Go ■ ■ ■ 6„_iCi;. Define T„ 
and f^°' by 

I, if z = j and i ^ a'^{l — e") 

f =(f\ =} ^''P^^" ■ ^-"(1))' if ^ = J = - en 

K.J^n}^J S gxp ( (1 - £") ■ w^^^^^) ) , if z = a" (e") , J = a" (1 - e'^) 

0, otherwise, 
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and 

f C 



Lemma 3.7. Let f G 3^+^^ with D'^f{s)/Df{s)ds = 0. Then for all 
n>0 

Proof. 

\c - fr{c^')\ < \c - Trc^'i + \Trc^' - frc-'i 

Both terms above are of order by Lemma 13.41 Lemma 13.61 and 
Lemma 3.6, Lemma 3.7 of [CSllj . 

□ 

Given n, m G N with n < m define 

rym rpnov _ _ _ rpnoi 

n ' n m ' 

By definition of T^°^ we know that 

> 0. 

Then by |MMY05l Section 1.2.4] we have that for all n > k{2d - 3) 
(39) KZk2,-3) > 0. 

By |CSllj there exists C such that \u!^\ < C for every n and a & A. 
This implies that there exists Cq such that for all n 

where K^. C Ayi is the set of all (C«)aeyi such that Ca ^ c > 0, for all 
a & A. Note that K^. is relatively compact in A^i and by definition of 
dp 

diam(ii'c) = sup dp{x,y) < oo. 

and therefore '^^1^(2^-3) ^ contraction in the projective metric, and 
the rate of contraction can be taken uniformly for all n. We will denote 
this rate by k < 1, 

Let c < Co be such that > c > for all n > and for all a E A. 
Such c does exist by Lemma 3.6 and Lemma 3.7 of |CS11 ]. It is easy 
to see that the metrics dp and | ■ |i are equivalent in Kc- 

Note that for every n and j 

Moreover 
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In particular 

m = n 07 

for some positive vector G Kc^. As a consequence 

(40) Trc+' = c- 

Lemma 3.8. Let f G "31+" be such that f^^ D^f{s)/Df{s)ds = 0. Let 
fA be its affine model and let be as above. Then 



\C-C\i = 0(AV"/2). 
Proof. First note that for every n 

^ f^n—k{2d—3) rrn— 1 ^ ^ f /-n—k(2d—3) nnnor /^n— fc(2d— 3)+l N 

^ n-k{2d-3)^ I - ^Py^ 5^n-fe(2d-3)S ) 

(rpnor /-n—k{2d—3)+l q-n— 1 /""^^ 

^^pK-L n-k{2d-3)S ; ■^n-fc(2rf-3)^ ! 



<^ Of' \ V"~'^(2'^^3)\ I J / An— fc(2d— 3)+l q-n— 1 /-rtN 
- ^K-^^ J -r Lip Is , ■J„_fc(2d-3)+l'5 J- 

Applying this k{2d — 3)— times, we obtain 

fc(2d-3)-l 

(41) <^p{C-''^^'-'\'K~l(2d-3)C) < E 0(AV"-M2^-3)+.)^ 

but 



A;(2d-3)-l fc(2d-3)-l 

0(a/"~^^^'^~^^^*) = 0(AV^^~^^^^^^^) ^ Q(^;)^v^n-fc(2d-3)+i-^n-fc(2d-3)-j 
i=0 i=0 



< A;(2rf - 3) ■ 0(AV^^^(2d:^) 



(42) = o(Av"-'=(2rf-3)). 

The Eq. (jH]) jointly with Eq. (02]) give us 



(43) <l,{C-'^''-'\ K-li2d-3)n = 0(AV^^^(^). 



From Eq. (14311 it is easy to see that for all 1 < j < 



fc(2d-3) 
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7 / ^n—jk(2d~3) rrn— 1 



-jk{2d-3y 

^ ^ /q-n-«fc(2d-3)-l >n-iA;(2d-3) rrn-(i+l)A:{2c(-3)-l An-{i+l)fc(2(i-3)\ 

— ^ "pWn-jA:{2d-3) ' ■^n-ifc(2d-3) / 
1=0 

^ J /rrn-ii+l)k{2d-3)-lrfi-ik{2d-3)-l ^n~ik(2d-3) rrn~{i+l)k{2d-3)-l ^n~{i+l)k{2d-3)\ 

— 2-^"'P\-' n-jk(2d-3) n~{i+l)k{2d~3)^ ^ •' n-jk{2d~3) ^ ) 
1=0 

i-1 



= ^ f^j-l-iQ(^Xy/n~(i+l)k{2d~3)^ 
1=0 

i-1 



i=0 

1 _ . 

< 

so 



1 — K 



(44) rfp(C"-^'=('"-3), T::L2d-3)C") = 0(AV«"^M2d-3)^_ 



-jA;(2d-3)^ 

Then 



^ j^^n— jfc(2d— 3) ^n—jk{2d—3)"j ^ ^ ^^n— jfc(2d— 3) rj-n— 1 



jk{2d-3p 

^"-^pWn-iA:(2d-3)'5 ' n-jfc(2d-3)'5 



< 0(AV "-i'=(2d~3)) ^ . ^^(^n^ ^n^) 

(45) < 0(AV"-J'=(2rf-3)) + . dmm{K) 



Taking j 



2k{2d-3) 



in the Eq. fj45l) we have that 



dp(C'"^'',C'"^'') < 0(AVK21) + ^iw^J . diam(i^), 
and therefore 

(46) d,(C,C) = 0(Av^). 

□ 

Proposition 3.9. We have 

ieA 

Proof. For ( G A^i and n G N define 

Pn(C) = 
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Note that 

One can easily verify that 

(47) b„(T„C) - 1| = ^ , ^ S:^' bn+i(C) - 1| 



□ 



By Lemma [33] and |CSlll Lemma 3.5] we have that sup„ \u^\ < oo. 
We have that ^ Kc for every n. In particular 

sup I — . ^^ji — — I =e<i. 

By [CSllj we have that i?"/ is almost an affine g.i.e.m. so 

lim%A^ = l. 

By Lemma 13.41 and Lemma 13.81 it follows that 



limp„(C") = I. 

n 

By iZD 

I ^e-'C° - 1| = bo(C°) - 1| < e-\pn{C) - 1| 0. 

Proposition 3.10. (^^ee a/so [MMYlOat Proposition 2.3]j There is an 
unique affine g.i.e.m. fA with domain [0,1], whose combinatorics is 
{7r*,£:*}jgN and the slope vector is co. 

Proof. It follows from Proposition 13.91 that the slope vector u and par- 
tition vector defines an affine g.i.e.m. By (140!) such affine g.i.e.m. 
has combinatorics {vr*, e^jjgpj. To show the uniqueness, note that if 
g: [0,1] — > [0,1] is an affine g.i.e.m. with slope u and combinatorics 
{7r*,£*}igN then the partition vectors of R^g satisfies X^or^n+i _ 
In particular 

C° G fl T^Aj, = {C°}. 

n>0 



□ 
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Remark 3.11. The affine interval exchange map given by Proposi- 
tion \3.1(A is called a weak affine model of f . The weak affine model 
is not unique. Indeed, for each u that is a sum of the vector given by 
Lemma \3.4\ and a vector in Eq we constructed a corresponding weak 
affine model. 



From now on we assume without loss of generality that / has only 
one descontinuity that will be denoted by dia* ■ 

Lemma 3.12. Suppose that f e 2^+"^ satisfies D^{f){s)/Df{s)ds = 
and let f^ be a weak affine model of f . Then BPf{dIa) = BPf^{dIa) 
for all a & A such that a ^ a* and 7ro(a;) > 1. 

Proof. Denote by rig the sequence of times of renormalization such that 
R^otf = R"" f and note that for all s > 0, dl^* is the unique point of 
descontiuity of /. Let such that 7 7^ a* and Hq'^'j) > 1. As / 

has no connection we have that there is a unique 1 < J7 < q'!^" and 
unique a G A such that p^(9J"=) = dla- 

We claim that a 7^ a* and 710(0;) > 1. In fact, if /■'^(c?/"") = dla* 
then /■'^"•"^(f}/"") = = /^«*((9J^;) which is absurd because / has no 
connection. If iTo{a) = 1 then = dla = f{dla*) which is 

absurd by the same reason as in the previous case. 

By definition of rig we have that for all /3 G ^1 such that 7t'q"{/3) + 1 = 
tTq " (7) then q^" = . Therefore 



BPRr.sfidI':;) = InD^R^'fidP;') - \nD+R"^f{di;^) 

= J2 ^^D_f{f\di;^)) - InD^fifidi;^)) 

1=0 i=0 

= J2 (lnI^-/(f(a/,"0)-lnI^+/(r(a/,"0)) 

1=0 

= lnD_/(f-(9J,"0) - InD^fif^-idP;^)) 
= \xiD^f{dIa)-\nD+f{dIa) 
(48) = BPf{dIa) 



As / and its affine model has the same combinatorics we have 



BPn..j,{di;') = BPf,{dia). 



7 

"7 
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Then 

BPjidI^)-BPj,idL) = BPn..f{di;')-BPRn.f,idi:;^) 

= O(Av^), by Proposition [331 

□ 

The Lemma 13.121 gives us that / and have d — 2 identical breaks. 

Proof of Theoreml^ For simphcity we assume A = {1,2, ...,d} and 
denote by jo G A the letter such that is the descontinuity of 
As / and g are break-equivalents, by the Lemma 13.121 we have 

u-^-j^ — oj- = uf^i — uf for every i E A such that i jo — 1, d, 

which is equivalent to 

fa fa 

fa fa 

where we choose = {u{)i^ji E Eq^ and = {uf)i^A ^ as the 
slope-vectors of the weak affine models /a e respectively. 
Denoting hj v := — uf and hj v := ~ have that 



-u^ = {u{ - U![)ieA = {v, V, V , v) e 
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JO— position 

that is, the vector u-^ — can be viewed as the slope- vector of a affine 
interval exchange maps with two intervals. So we have {v, v) G £^3,00 (2), 
where Eq ^ (2) is the central space defined by the renormalization of two 
intervals. As dimii^Qj^(2) = we have v = v = and then u-^ = . 
By Proposition 13. lOl we have that /a = Qa- D 

The next result estimate the distance between the image partition 
vectors of BJ^f and R^fA- 

Lemma 3.13. Suppose that f G 3^+'^ satisfies D^{f){s)/Df{s)ds = 
and let fA be a weak affine model of f . Then 

\R^fia\-\R^fAia\ =0(A^) for all a e A. 

Proof. It follows from Lemma 13.41 and Lemma 13. 8[ □ 
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Now note that by Theorem 3 of [CSll] we have 

(49) WZinK'f - Zj„i?"/A||c2 = O(A^), for all n > 0. 

Theorem [1] follows from fj49l) , Lemma 13.81 and Lemma 13.131 

Proof of Theorem O Let / and g as in the assumptions of Theorem [31 
Then by Theorem [2] we have that = gA- Therefore 

dc^{R-f,R^g) < dc2{R'f,R-fA) + dc2{R-gA,R^g) = 0{\^). 

□ 

4. Smoothness of the conjugacy 

To simplify the statements, denote by 23^"^'^ the set of all / G S^"*"*^ 
such that D^{f){s)/Df{s)ds = 0. 

Let f,gE be a g.i.e.m. with the the same combinatorics. Then 
there is a orientation preserving homeomophism h : [0, 1) — )■ [0, 1) that 
conjugates / and g, that is, 

(50) goh = hof, 

such that h maps break points of / into break points of g. 

4.1. Cohomological equation. The cohomological equation associ- 
ated to ( ISUj) is 

(51) InDgoh-lnDf = ijo f -i/j, 

where : [0, 1] — M is called the solution of fl5ip if it exists. 
For all X G [0, 1) define i„(x) := min{z > 0; /*(x) G /"}. Let 

i„{x)-l 

M^) ■■= Yl ^^Df{f\x))-\nDg{hof\x)). 

i=0 

Lemma 4.1. Let f,g e "Bl^" be g.i.e.m. with the same combinatorics 
and they admit the same weak affine model (they are not necessarily 
break- equivalents). Then the sequence ipn is uniformly convergent. In- 
deed 

(52) \^^+,{x)-Mx)\=0{X^). 

Proof. We will show that ipn is Cauchy. Suppose that in{x) < in+i{x). 
Then in+i{x) = in{x) + q'^^^n^-i^^y Therefore 
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i„+l(x)-l 



iJn+i{x)-'ilJn{x)= Yl iriDf{f{x))-lnDg{hof{x)) 



i=in{x) 



= In d/(-o)-'w (f - In d/(-o")-'w {h o f 

= lnL)i?"/(f - In DR'^gih o f 

= O(Av^), by Proposition 



Let = lim„^oo 

Lemma 4.2. Let e be g.i.e.m. with the same combinatorics. 
Assume that they are break- equivalents. Then : [0, 1) — ?■ M is contin- 
uous and it is the solution of f l5T]) . 

Proof. It is easy to check that ip is solution of the flSip . Note that 
z„ : [0, 1) — )■ N is continuous in the interior of each element of the 
partition IP". As a consequence ipn is continuous in the interior of each 
element of the partition. Let x G [0, 1]. There are four cases. 

Case i. Suppose that /"(x) ^ ^aeAdla for all n. Then ipn is continuous 
at X for all n and by Lemma 14.11 ip is continuous at x. Moreover for 
large n we have that in{f{x)) = in{x) — 1, so it is easy to see that 

In Dg o h{x) - In Df{x) = ipn° f{x) - ipn{x). 
Taking the limit on n we obtain (15T|) for x in Case i. 

Case a. Suppose that x = 0. Then Vn(0) = 0, so ipi^) = 0. Let 
y > 0, with y G Then ij{y) = for every j < n, so 4'jiy) = for 
every j < n. In particular 



□ 



p 




j=0 



so by ([52]) 



oo 



j=0 
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Consequently 



lim sup \ip{y) \ = 0, 



so ip is continuous at x = 0. 

Case in. Suppose that there is fco > such that = 0. Note 

that /(O) falls in Case i., so ip is continuous in it. Since there are not 
wandering intervals, the points x in Case i. are dense in /. Let Xn be 
a sequence of points in Case i. such that lim^Xn = 0. Recall that x„ 
satisfies 



InDg o h{xn) - ln£)/(x„) = o f{xn) - ip{xn). 



Using Cases i. and ii., we can take the limit on n to obtain 



(53) \nDg{0+) - lnD/(0+) = o /(O) - ^(0) = V^(/(0)). 



Let 



no = min{?T, > s.t. f\x) ^ for every i < ko} 



Then = + 1 for every n > Uq. By fl52l) it follows that 



fco 

^P{x+) = ^lnD/(f (x)) - \nDg{h o f{x)). 

i=0 
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On the other hand, in{x-) = in{f{0)) + /cq + 2 for n > riQ. So by ( l53i) 

= J2^nDf{r{x)) -\nDg{ho f{x)) +\nDf{l_) - lnDg{l_) 

in{X-) — l 

+ hm V \nDf{f\x^))-\nDg{hof\x.)) 

n ' 

j=fco+2 

fco 

= ^lnD/(f (x)) - \nDg{h o f (a;)) + lnD/(l_) - \TiDg{l_) 

i=0 

in(/(0))-l 

+ hm ^nDfirifiO)))-\nDgiho f{f{0))) 

i=0 

fco 

= ^lnD/(f (a;)) - \nDg{h o f (x)) + lnD/(0+) - \nDg{Q^) 

1=0 

+ ^(/(O)) 

fco 

= In (x)) - In Dg{h o f (x)) + In D/(0+) - In D(7(0+) 

+ ^(/(0)) = ^(x+). 
We conclude that ip is continuous at x. 

Case iv. Now suppose that there is fco such that /^°(x) = 9/^ for some 
(3 E A, but /^(x) 7^ for every k. In particular / is continuous at 
f^{x), for every k. Then i„(x+) = i„(x_) for every n and 

'?/'(x+) — '?/'(x_) = lim ipri{,x^) — lim ^/'„(x_) 

71— >00 71— ^-OO 

= \TiDfU^^\x))-\nDg{hof^^{x)) 
-\nDf{f''{x)) + \nDg{hof'^{x)) 
Dfif^ix)) _ Dg{hof»{x)) 
Dfif^o^a:)) ~ Dg{h opo^x)) 

= 0. 

□ 

4.2. Conjugacies. The next step is to show that the conjugacy h is 
Lipschitz if / and g have the same weak affine model. 

Lemma 4.3. Let f,g E S^,^*^ be g.i.e.m. with the same combinatorics 
and they admit the same weak affine model (they are not necessarily 
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break- equivalents) . Then there is Cs > such that for all /3 E A 

— mm 

and this convergence is uniform on /3. 

Proof. Let f^ be a weak affine model of / and g. Let h be the cor- 
responding conjugacy, that is, fA ° h = h o f . By the Mean Value 
Theorem 

\R-fm DR-fiy) + 

(54) = 0(Av^)+ln^^ 



Now we show that the second term converges. By Lemma 13.81 we have 

\m 

\h{R 



\n\ I/if/?) I 

(55) = Li^(i + o(A^)) 



and 

Now suppose that i?"/ is type 0. Then 

_ i/i-ii?"/(/:„(i))i 
I I I I 

i^"/a:n(i))i 



1 - 



^ |i?"/^(MJ:„(,)))| 
IM/")I 

(56) = M^ + 0(A^). 

|MJ«)| 

The case in which RP'f is type 1 is analogous. 
From (l56l) we obtain 



l + 0(Av^)) 



(57) \h^^U^O(--^<^ 



Therefore 
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In 



\h{r 



In 



\P\ 

\Hn\ 



i=l 
n 



\h{P 
\h{I 



Ti-1\ 



(5, 



I/O 

The sum above is summable, thus 

\kn\ 



1=1 



hm In 



Therefore 



In 



\h{p)\ \i" 

In f 1 + O 



n\\ I jn I 



+ In 



\h{P 



Then there is C/ > such that 



(59) 

So by ([5 
(60) 



hm In 

n—>oo 



InCf. 



I^"/a(M/^"))I 

hm ; ; 7 



Cf. 



Since is also an weak affine model oig, so there exists a conjugacy 
h between fA and g, h o = g o h. As in the proof of (p7]) we can 



show that there is > such that 



lim 



\R^gChoh{n))\ 



n \R-Uh{I^))\ 

Since h = h o h it follows that 



□ 



Lemma 4.4. Lei f,g & '^IV' g.i.e.m. with the same combinatorics 
and they admit the same weak affine model (they are not necessarily 
break- equivalents). The conjugacy h : [0, 1) — )■ [0, 1) is Lipschitz. 
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Proof. Let </„ G CP". Note that in is constant on J„. By the Mean Value 
Theorem there exist y,y' E Jn such that 

\HJn)\ ^ DfHy') \9'''{HJn))\ 
\Jn\ Dg^-{h{y)) \fHJn)\ ■ 

As {f^{Jn)yf^^ is a pairwise disjoint family of intervals it follows 
that 



where V = Var(logD/). So 



Since that f^{Jn) = ^"/(^a) and g'"{h{Jn)) = R^'gihil^)) for some 
a G ^ we have 

Cg := sup sup . .. = sup sup 

is finite by Lemma [4.31 

Note that Cio := sup„ sup^g[Q^i){exp(?/'„(2/))} is also finite. Then 



1^1 " 'Dg^r.^h{y)) 

< Cg ■ exp{V) ■ expiipniy)) 

< Cg ■ Clo ■ exp(r) 

Therefore there is Cn > such that for n large enough 

\h{Jn)\<C^^■\Jn\. 
Let x,y E [0, 1) be such that x < y and A = [x, y). Define 
Ji = {JiGTi y J,^CA} = {ji,...,Jf} 

and 

3^n = { Jn G y \ -^n C v4 and J„ n J = for every J G J^, i <n} 

~ { "^n 5 • • • 5 '^re" } • 

Note that if n 7^ m then n = for all 1 < s < 1 < r < s^. 
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It is clear that 



Therefore 



UUj^/A and UljhiJD/^hiA). 

i=lj=l i=lj=l 



\h{A)\ = ]imJ2J2\^iJ[. 

i=l j=l 



n Si 

< Cio-hm5^5^|J/l 

i=i j=i 

< Cio-|A|. 



□ 



Lemma 4.5. Let f,g e "Bl^J" be g.i.e.m. with the same combinatorics 
and they admit the same weak affine model (they are not necessarily 
break- equivalents) . Let x in [0, 1), and let Jn G J*" be such that x e Jn- 
For every yn, y'n £ Jn we have 

hm ^ . , , ^" = 1. 

n Dp"(^\yn) 

Proof. Note that f^{J„) G 7" and f^{Jn) C for some /3 e A. By 
[CSllj . there exists 9 < 1 such that 

\P\ ~ 

By jCSllj there exists C such that for every z, z' E IJ^ we have 

h DjR' f)iz') ^ \z' ~ z\ 
I D{Wf){z)\- ■ 

Again by |CS11] we have 



So 



PIECEWISE SMOOTH HOMEOMORPHISMS ON §^ 37 



j<n/2 rL/2<j<n 





□ 



Proposition 4.6. Let f,g G be g.i.e.m. with the same combi- 

natorics. Assume that they are break-equivalents. Then the conjugacy 
h : [0, 1) ^ [0, 1) IS C\ 

Proof. Note that Dh{x) exists for almost every x G [0, 1) and by Lemma 
14.41 the map h is the integral of its derivative. Let Xq G [0, 1) be such 
that Dh{xo) exists. For all rz > there is Jn G J"" such that xq G Jn- 
Then 

(61) lim = Dhixo). 

n-5-oo I I 

Let a E Ahe such that 

We also have that g'"^''°\h{Jn)) = R^g{h{Il)). Let y' G J„ be such 
that 

' Dfir.{xo){y')' 
Analogously let ?/ G Jn be such that 

\R'g{h{0)\ 
Dg'^^'-'o^hiy))' 

Therefore 



\h{Jn)\ 



\h{Jn)\ DfM{y') \R^g{h{im 



\Jn\ Dg^-(-o){h{y)) \R-f{IS} 

Df-^^'\y') \R''g{h{im 

When n converges to infinity we have, by Lemma 14. Lemma 14.31 and 
Lemma 14.51 that 
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(62) Dh{xo)=Cs-e^^'"'\ 
Writing 

h{x) = / Dh{s) ds= Cg ■ e'^(^) ds, 
Jo Jo 
we have the result. □ 

Proposition 4.7. If f,g G "BI^J^ have the same combinatorics and they 
admit the same weak affine model then h is differentiable at every point 
Xq such that /"(xq) 7^ for all n >0 and [6^) holds. 

Proof. One can prove that is continuous at every point xq such tliat 
f"'{xo) 7^ for all n > 0. Indeed under this assumption we can carry 
out Cases i and iv in the proof of Lemma 14.21 and Lemma 13.121 as well 
the proof of Proposition 14.61 □ 

5. Linearization 

In this section we will show that, for each / G S^"^'^ there exists a 
unique weak affine model that is conjugate with /. 

Lemma 5.1. Let fA and fs he two weak affine models of f . If fA o-nd 
fs have the same breaks then fA = fB- In particular if fA and fs are 
conjugate on the circle then fA = fB- 

Proof. If fA and fs have the same breaks, the corresponding slope vec- 
tors and satisfy uf — ouf = v, for every i. Let if be a conjugacy 
of /a with a rotation on the circle. By |MMYldat Proposition 2.3] we 
have 

i i 

which implies = u^. By Proposition [3]T0] we have that = fs- □ 

Proof of Theorem\^ Let u be as in Lemma [3^ and choose v G -E'q\{0}. 
By Proposition 13.101 there is an unique weak affine model gt of / with 
vector slope Ut \= u + t ■ v. By Lemma 15.11 the break at is a non 
constant linear functional on t. Let to be the unique parameter such 
that the break at of gt^^ coincides with the break at of /. Since by 
Lemma 13.121 they already have d — 2 identical breaks and the product 
of the breaks is 1, it follows that all the breaks of / and gt^ coincides. 
By Theorem m the conjugacy between / and gt^ is C^. On the other 
hand, every piecewise affine homeomorphism g of the circle that is 
conjugate with / is a weak affine model of / with the same break points 
of f,so g = gto- □ 
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Remark 5.2. All weak affine models of the g.i.e.m. f belongs the the 
one-parameter family gt. All of them are Lipchitz conjugate with f . 
Only one of these weak models, the strong affine model gtg, is indeed 
conjugate with f . 
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